ABSTRACT The distributed parameter solution-based theoretical model and the single degree-of-freedom model for inertial piezoelectric actuators are built to predict the mechanical output. Output angular displacement is formulated by utilizing the work-energy principle during two working processes and is explicitly expressed by calculating the transient deflection of the piezoelectric bimorph vibrator using the standard modal expansion method. Compared with the experimental results, it is found that the single degree-offreedom model is not appropriate for predicting the mechanical output of the presented actuator near resonance. Under the peak-to-peak voltage of 75 V and 6 Hz, the minimum accumulated 10-step relative error reaches 1.34% between the distributed parameter solution-based theoretical model and the experiment. In conclusion, the presented modeling method can provide a convenient derivation of the mechanical output and accurate output prediction of inertial piezoelectric actuators.
I. INTRODUCTION
Inertial piezoelectric actuators (IPAs) that couple the inertial force induced by the vibration of piezoelectric elements and friction to generate directional linear and rotary motion [1] - [3] have thrived as promising components of machine tools, biomedical apparatus, and aerospace devices [4] due to the superiorities of high motion resolution, large output of energy density, and rapid response [5] . However, with the drastic competition in integrated manufacturing, more serious demands with limited manufacturing time and optimized performance are required for IPAs, thereby resulting in urgent and accurate theoretical guidance for structure design and performance optimization [6] , [7] .
Till now, numerous researchers have investigated the theoretical modeling of piezoelectric elements, which serve as the core component of IPAs. The frequently utilized dynamic model for piezoelectric elements is the single degree-of freedom (SDOF) model [8] , which is also referred to as the lumped parameter model. SDOF model regards the piezoelectric beam as a concentrated mass-spring-damper system with lumped parameters of equivalent mass, stiffness,
The associate editor coordinating the review of this manuscript and approving it for publication was Hui Xie. and damping and have been universally applied to different practical cases. Cheng et al. [9] built the SDOF model for IPAs to explore the feasibility of actuation using asymmetrical clamping structures and to simulate the output displacement employing simulation, but no explicit analytical solutions of the mechanical output are obtained. Furthermore, Chen et al. [10] also utilized the SDOF model to calculate the inertial force of IPAs with asymmetrical clamping structures and the bias unit, which is not applicable for transient vibration response because it only considered the modeling at two limiting vibration positions. In addition, Hofmann and Twiefel [11] analyzed the modal response of the self-sensing IPAs using SDOF model, resulting in certain deviation with experiment during resonant mode due to the simplified model. In summary, not only the approximate calculation using SDOF model is inaccurate due to the underestimation of complicated systematic damping, dynamic mode shapes, and the strain distribution along the beam [12] but also no explicit analytical solutions of the output of the whole system are available in the above cases, which hinder the accurate output predictions of IPAs.
In contrast, alternating modeling method is developed as distributed parameter model [13] . This approach considers the piezoelectric elements as the Euler-Bernoulli beam, the material parameters are distributed along the beam. Due to the more similar representation of practical cases, this model is also widely utilized. Yang et al. [14] studied the flexible motion of a uniform Euler-Bernoulli beam attached to a rotating rigid hub by finite-element-based discretized method, which is suitable for performance optimization in vibration control systems, but the practical model is simple and have not been employed to complicated actuation systems. Erturk and Inman [15] considered the energy harvester with simple configuration, and compared the output dynamics between SDOF model and distributed parameter model and concluded that the distributed parameter model is more accurate, SDOF model is only feasible when the tip mass of the beam is much larger than the beam mass and a correction factor with a certain order of magnitude originated from base excitation has to be added to rectify the results. Furthermore, Erturk and Inman [16] developed a coupled distributed parameter solution for bimorph cantilevers with tip mass and series/parallel connections of piezoceramic layers, by using this approach, accurate predictions in voltage output of piezoelectric beam and system dynamics were obtained. However, although these works verified the accuracy of distributed parameter model in modeling results, the subjects of theoretical modeling are still constrained to simple configurations, which is inadequate to predict the output of the whole system. Considering IPAs, theoretical modeling of the piezoelectric element is insufficient for predicting the mechanical output of the whole system, more serious attention on connecting the motion of piezoelectric element with the movements of the system and the complicated friction in between are required. Therefore, theoretical modeling of the complicated mechanical system to predict the output performance of IPAs is urgently needed to serve as guide for structure design, experimental validation, and performance optimization.
Facing these existing problems, this paper provides a simple and thorough modeling approach to formulate the mechanical output of IPAs. By utilizing the work-energy principle during two working processes, mechanical output of IPAs can be directly connected to the vibration of piezoelectric elements and intermediate parameters such as damping are simply eliminated, thus leading to convenient derivation of mechanical output. Furthermore, to derive the explicit analytical solution, transient deflection of the piezoelectric bimorph vibrator under harmonic forced vibrations is calculated by employing the standard modal expansion method. Eventually, an inertial piezoelectric actuator with asymmetrical clamping structures is fabricated, and the experimental system is established to validate the theoretical calculation. Compared with experimental results, it is found that the distributed parameter solution-based theoretical model can accurately predicts the output angular displacement of IPAs.
II. THEORY A. DISTRIBUTED PARAMETER MODEL OF IPAS
Common configuration of inertial piezoelectric bimorph actuators equipped with asymmetrical clamping structures is shown in figure 1 . These actuators primarily consist of a main rotary body, gripper blocks with different length, piezoceramic layers, substrates, and tip mass blocks. Two piezoceramic layers, one substrate, and one tip mass block comprise the piezoelectric bimorph vibrator. The piezoceramic layers and substrate are modeled as Euler-Bernoulli beams with perfect bonding connection, and the electrodes covering the opposite faces of piezoceramic layers are assumed to be negligibly thin. The poling directions of two piezoceramic layers are the same. Therefore, the piezoceramic layers are in parallel connection to obtain large output deformation. Moreover, gripper block 1 and gripper block 2 are in different length along x direction to generate the clamping difference, which result in the different inertial impact force when piezoelectric bimorph vibrator vibrates upside and downside [9] , [10] .
When the direction of applied electric field is the same as the poling direction of piezoceramic, piezoelectric material will be shortened in x direction, and the piezoelectric vibrator will bend to the side of shortened piezoelectric material. Under alternating electrical excitation as shown in Fig. 2 , piezoelectric bimorph vibrators vibrate upside and downside based on the initial static equilibrium statement. With the existence of friction, when input voltage varies from b to c, the piezoelectric bimorph vibrator vibrates from S1 to S2 and the main rotary body generates clockwise rotation with large angle θ f . Under d to e, the piezoelectric bimorph vibrator vibrates from S2 to S3 and the main rotary body generates counter clockwise rotation with a small angle θ b . Furthermore, the actuator keeps static under a to b and c to e. As a result, the actuator rotates clockwise with the output angle of θ in one circle of input electrical signal and rotates continuously under periodic electrical signal.
During vibration, the mechanical energies of the main rotary body and each piezoelectric bimorph vibrator at time t can be respectively expressed as follows [17] :
where I M is moment of inertia of the main rotary body, m b is the mass of unit length of the bimorph, M t and I t are the mass and the moment of inertia of the tip mass of the vibrator, respectively. L is the length of the vibrator, θ (t) is the angular displacement of the actuator, w(x,t) is the transverse relative deflection of the vibrator relative to the main rotary body at position x and time t, and EI is the bending rigidity of the bimorph, which can be expressed as follows [18] :
where b is the width of the vibrator. E p and E m are the elastic modulus of the piezoelectric layer and the metal layer, respectively. t p and t m are the thicknesses of the piezoelectric layer and the metal layer, respectively. Coefficients A and B are formulated by
The limiting positions of the piezoelectric bimorph vibrators vibrating upside and downside are denoted as superscript U and D, which correspond to S2 and S1 (same with S3), respectively. When the vibrator vibrates to the limiting positions, the angular velocity of the main rotary body, the relative velocity of the vibrator to the main rotary body, and the rotational velocity of the tip mass can be regarded as zero, as follows:
Substituting (4), (5), and (6) into (1) and (2), the mechanical energies of the main rotary body and the vibrator under S1 and S2 are described as follows:
According to the work-energy principle [19] , the total work of the effective input electrical work, the consumed in-contact kinetic friction, and the system damping exerted on the actuator is equal to the increment in the mechanical energy of the system. By applying this principle to Process I and Process II, the work-energy relationship can be characterized as follows:
where are the energy loss caused by the strain rate damping and viscous air damping, r is the rotation radius of the rotation axis, and F f is the equivalent kinetic friction.
Substituting (7), (8), and (9) into (10) and (11) and then subtracting (11) from (10), the following result is obtained:
The input work during Process I and Process II conducted by the effective input electrical work can be regarded as the same (W b−c e = W d−e e ) because the signal experiences the same step change from ''b'' to ''c'' and ''d'' to ''e''. Furthermore, the energy losses in these two processes can also be considered to be equal (W
) because of the extremely minor amplitude of the bimorph piezoelectric vibrator compared with the length of the vibrator. Therefore, (12) can be simplified to the following:
The theoretical angular output displacement of the actuator under square wave signal excitation in one cycle is obtained by the above expression, and when the relative displacement of the vibrator on the limiting positions are derived, the angular output displacement can be calculated explicitly.
During the rotation of the actuator, partial energy is dissipated by friction due to the relative movements of the actuator components. Commonly, the components in contact are solid structures that result in dry friction. The friction models that describe dry friction can mainly be classified into two categories, namely, static and dynamic models. Dynamic models more accurately capture the actual transient variation of friction despite the difficulties in identification of model parameters, in contrast, static models are more suitable for simplification. Among the dynamic models, the LuGre model, which is an improved version of the Dahl model, can capture major features of dynamic friction, including presliding displacement, varying break-away force, and Stribeck effect [20] , [21] . Therefore, the LuGre model has been universally introduced to friction modeling and compensation for precision positioning applications. However, the key to utilizing these complicated models is to identify the physical parameters, and these parameters are related to the transient output parameters of the actuator, leading to extremely complex model and time-consumed solution process. Therefore, the simple Coulomb model is utilized in the current model, formulated as follows:
where F N is the normal pressure between the contact surfaces and µ is the coefficient of friction. By substituting (14) into (13), the angular displacement can be further written as (15) .
B. DYNAMIC VIBRATION ANALYSIS OF THE ASYMMETRICALLY CLAMPED PIEZOELECTRIC BIMORPH VIBRATOR
Based on figure 2, under the excitation of the driving voltage v(t), the partial differential motion equation governing the forced vibrations of the piezoelectric bimorph vibrator, including the internal and external damping of the system, can be expressed as follows [16] :
where I is the moment of inertia of cross-section. δ (x) is the Dirac delta function. c s and c a are the strain rate damping coefficient and the viscous air damping coefficient, respectively. ϑ is the piezoelectric coupling coefficient. The moment of inertia and the piezoelectric coupling coefficient in parallel electrical connection can be written as follows:
where e 31 is the piezoelectric stress constant of the piezoelectric layer.
The relative displacement of the vibrator regarding the main rotary body can be represented using the method of variables separation as follows [22] :
where η n (t) is the modal mechanical response function of the nth vibration mode; φ n (x) is the mass normalized eigenfunction of the nth vibration mode and can be expressed as follows:
where ζ n is obtained from
λ n is the eigenvalue of the system for the mode n, and the eigenvalue of each order is obtained from the following:
C n is a modal amplitude constant and can be obtained by the following orthogonality condition:
Here, mn is the Kronecker delta, which is equal to unity under m = n and zero under m = n. The natural frequency of the nth vibration mode ω n is given by the following.
Substituting (19) into (16), using the orthogonality condition of (23), and rearranging the terms yield the coupled mechanical motion equation of the vibrator in modal coordinates, as follows:
where the electromechanical coupling term χ n is as follows:
The mechanical damping ratio that consisting the effects of the strain rate and viscous air possesses the following form:
Equation (26) indicates that the motion equation of the vibrator is a linear system. In other words, the steady state modal mechanical response can be assumed to be harmonic as η n (t) = H n e jωt if the input voltage is in the harmonic form of v(t) = V 0 e jωt at the excitation frequency of ω, where H n and V 0 are complex values, and j is the imaginary number. Substituting η n (t) = H n e jωt and v(t) = V 0 e jωt into (26) and rearranging the terms yield the amplitude of the steady state mechanical response function, as follows:
Therefore, the relative displacement of the vibrator under the input sinusoidal voltage signal v sin (t) can be obtained as follows:
Correspondingly, the square wave electrical signal v squ (t), which has the equal amplitude and frequency of v sin (t), can be written as follows:
Then, the relative displacement of the vibrator under the square wave electrical signal v squ (t) can be derived by utilizing the property of superposition of a linear system, which is expressed as follows:
Considering the assumption that the vibrator keeps static at limiting positions, the relative displacement of vibrator at the limiting positions can be represented at the moments of t = T /4 and t =3T /4, which is expressed as follows:
As a consequence, the output angular displacement of the actuator under the square wave signal can be obtained by substituting (33) and (34) into (15) . In addition, the abovepresented theoretical model is applicable to other types of actuators because work-energy principle is appropriate to be applied to most of the piezoelectric vibration systems.
C. SINGLE DEGREE-OF FREEDOM MODEL OF IPAS
Single degree-of freedom (SDOF) model of IPAs is shown in Fig. 3 . Compared with distributed parameter model, piezoelectric element and tip mass are simplified with equivalent mass, stiffness and damping. The main analysis processes are similar to the distributed parameter model. During vibration, the mechanical energies of the main rotary body and each piezoelectric bimorph vibrator at time t can be respectively expressed as follows:
where m eq and k eq are the equivalent mass and equivalent stiffness of the piezoelectric element with tip mass. The mechanical energies of the main rotary body and the vibrator under S1 and S2 are described as follows:
Appling work-energy principle to two processes using (10) and (11), (39) can be obtained and is further simplified as (40).
The relative motion of the tip mass can be formulated as [15] :
where k eq =3EI/L 3 , m eq =33/140mL+M t and c eq =2ζ ω n m eq , c a eq is the air damping coefficient, and ζ is the equivalent damping ratio. Here c a eq is neglected because of the VOLUME 7, 2019 large inertia. The (fundamental) natural frequency of the system is simply ω n =sqrt(k eq /m eq ). Under square signal excitation, the relative motion can be expressed as:
Eventually, the deflection amplitude in two limiting positions can be represented as (43) and (44), by substituting these equations into (40), the output displacement of IPAs under SDOF model can be obtained.
III. EXPERIMENT AND SIMULATION
Theoretical calculation is conducted by Maple, a multiparadigm programming language. Important simulation parameters are listed in table 1, which covers the asymmetrical clamping structure with clamping difference of 5 mm, PZT-4 piezoelectric bimorph, and the tip mass block with approximately 17.28 g in weight. The piezoelectric constants d ni , dielectric matrix ε T mn , and stiffness matrix c E ij are shown in (45), (46), and (47). 
To validate the theoretical calculation, a prototype equipped with asymmetrical clamping structures is fabricated, and experiments are conducted. Figure 4 illustrates the experimental system, including a vibration isolation optical table (DAEIL system, Korea), a waveform generator (DG4162, RIGOL, China), a power amplifier (PZ178E, PI, Germany), a digital oscilloscope (DS2202A, RIGOL, China), a prototype, a laser displacement sensor (LK-H080, Keyence, Japan), a display panel (LK-H500, Keyence, Japan), and a personal computer. The square electrical signal generated by the waveform generator is enlarged by the power amplifier, which further serves as the electrical source for the actuator. The rotary motion of the actuator is linearly detected by the laser sensor, and the detected linear displacement d e is transferred to the angular displacement θ e using the following equation:
where R is the length from the rotary axis to the displacement detecting point. The recorded analog signal is transferred from the laser sensor and is further displayed at the display panel and the personal computer. The whole system is set on the vibration isolation optical table to wipe out external interference and each experiment is repeated to eliminate the experimental errors.
IV. RESULTS AND DISCUSSIONS

A. FREQUENCY CHARACTERISTIC
Before comparison of output angular displacement, frequency characteristic of the actuator is obtained as shown When the excitation frequency is near the resonant frequency, large vibration amplitude can be guaranteed, and when the excitation frequency is away from resonant frequency, small vibration amplitude with stable motion can be obtained. In the following comparisons between experiment and theory, 2 and 6 Hz are selected. 2 Hz is chosen to get small vibration amplitude with stable motion, and 6 Hz is selected to obtain large vibration amplitude and relatively stable vibration.
B. VOLTAGE CHARACTERISTIC
The voltage characteristics of the actuator under the excitation frequency of 2 and 6 Hz, friction of 1.980 N·mm, and the clamping difference of 5 mm are conducted to validate the theory, the results are shown in figure 6 . In terms of the excitation frequency of 6 Hz, overall speaking, large difference between SDOF model and experimental results can be observed, which represents that SDOF model is not appropriate for theoretical prediction of the presented actuators and correction factors may be implemented, however, for the distributed parameter model, theoretical results and the experimental data fit well, especially between the peakto-peak voltage of 70 V and 90 V, thereby suggesting that distributed parameter model can accurately predict output angular displacement. In comparison, for the excitation frequency of 2 Hz, due to the stable stepping motion away from the resonance, SDOF model is acceptable to predict the mechanical output, and both models are accurate at low excitation voltage. Furthermore, these results all agree with the phenomenon that angular displacement is enhanced with increasing excitation voltage. The output angular displacement under 6 Hz and the peak-to-peak voltage of 100 V can attain 3.454 and 3.931 mrad in experiment and distributed parameter model theory. Moreover, the fitting curves delineate a nonlinear relationship between input voltage and output angular displacement. In addition, under 6 Hz excitation, the experimental data are larger than the distributed parameter model theory when input voltage is smaller than around 75 V, whereas the experimental data are smaller than the theory when larger than 75 V, which may due to the fact that under a large voltage excitation in experiment, piezoelectric elements suffer from thermal effects and induce motion instability to reduce the vibration amplitude. values in experiment under the peak-to-peak voltages of 60, 75, and 90 V are around 14.439, 21.818, and 30.886 mrad, respectively. In contrast, the corresponding theoretical results attain 14.150, 22.110, and 31.838 mrad with the errors changing from −0.289 to 0.292 and 0.952 mrad compared to experiment. Besides, the minimum accumulated 10-step relative error can reach 1.34% under the peak-to-peak voltage of 75 V between theory and experiment.
V. CONCLUSION
The SDOF model and distributed parameter solution-based theoretical model for IPAs are built to predict the mechanical output. Theoretical formulation of the output angular displacement is obtained by utilizing the work-energy principle during two working processes. The explicit form is formulated by calculating the transient deflection of the piezoelectric bimorph vibrator under harmonic forced vibrations by using the standard modal expansion method. Subsequently, an inertial piezoelectric actuator with asymmetrical clamping structures is fabricated, and the experimental system is established to validate the theoretical output angular displacement of the actuator. As a result, SDOF model is not appropriate for predicting the mechanical output of the presented actuator, but distributed parameter solution-based theoretical model fits well with experiment in terms of output angular displacement. Specifically, under the peak-to-peak voltage of 75 V, the accumulated 10-step error can reach 0.292 mrad with the minimum relative error of 1.34% between theory and experiment.
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